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1. INTRODUCTION 
For an integer v with Ivl > 1, we denote by P(v) and w(v) the greatest prime factor 
of  v and the number of  distinct prime divisors of  v, respectively. Further we put 
P (±I )  = 1 and co(±l)  = 0. Let b >~ 1, d ~> 1, k ~> 3, n ~> 1 and y >~ 1 be integers 
such that b is square free, P(b) ~ k and gcd (n, d) = I. For an integer io with 
0 ~ io ~< k - 1, we consider the equation 
(1) n(n+d) . . . (n+( io -1 )d) (n+( io+l )d ) . . . (n+(k -1)d)=by 2. 
I f io  = 0 or k - 1, the left-hand side o f ( l )  is a product o fk  - I consecutive terms 
in an arithmetic progression. I f0  < i0 < k - 1, the left-hand side o f ( l )  is a product 
o fk  - 1 distinct erms out o fk  consecutive terms in an arithmetic progression. 
By (1), we have 
(2) n + id = ai x2 for 0 ~< i < k, i ¢ i0 
where P(a i )  <~ max(P(b) ,  k - 1) and ai is square free. We put 
R = {a0, al ,  • •., aio-1, ai0+l . . . .  , ak-1}. 
Further we write R t for the set of  elements of  R composed only of  2 and 3. Hence 
R t c_ {1, 2, 3, 6}. Let S' be the set 0 ~< i < k such that ai E R t and we write aio for 
E-mails: anirban@imsc.res.in (A. Mukhopadhyay), shorey@math.tifr.res.in (T.N. Shorey). 
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the greatest square free part o fn  + iod. By putting N = n + (k - 1)d, we re-write 
(1) as 
(3) N(N-d) . . . (N -  (k -  1)d) =by  2. 
We call (3) as the mirror image of( l) .  We prove 
Theorem 1. Eq. (1) with d > 1, co(d) = 1 and P(b) < k implies that k <<. 8. 
There is no loss of generality in proving that (1) with d > 1, co(d) = 1 and 
P(b) < k does not hold whenever k = 9 or k > 10 with k - 1 prime, Since the 
case k = 10 follows from that o fk  = 9. Let i0 = 0 or k - 1. I fd  = 1 then (1) has 
been completely solved by Erd6s and Selfridge [3] for P(b) < k and Saradha [5] 
for P(b) = k. For d > 1, Shorey and Tijdeman [8] proved that k is bounded by an 
effectively computable number depending only on co(d). If d > 1 and co(d) = 1, 
it follows from Saradha nd Shorey [6], Mukhopadhyay and Shorey [4] that (1) 
implies that either (b, d, k, n, y) = (6, 23, 4, 75, 4620) or k = P(b) = 5 or k = 3. 
Therefore we may assume that 0 < i0 < k - 1 in the proof of Theorem 1. 
Let 0 < i0 < k - 1. The first result on (1) is due to Saradha nd Shorey [7] that 
6! (12)2, 10! (720)2 
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are the only squares that are products ofk  - 1 distinct integers out ofk  consecutive 
integers confirming aconjecture of Erdrs and Selfridge [3]. This corresponds tothe 
case b = 1 and d = 1 in (1). In general, it has been proved in [7] that (1) with d = 1 
and k ~> 4 implies that (b, k, n, i0) = (2, 4, 24, 2) under the necessary assumption 
that the left-hand side of ( l )  is divisible by a prime exceeding k. Further it has been 
shown in [6, Theorem 4] that (1) with d > 1, co(d) = 1 and P(b) < k implies that 
k ~< 29. It has also been shown in [6, Theorem 4] that (1) with k ~> 4 and P(b) < k 
implies that (b, d, k, n, y, i0) = (1, 8, 4, 1, 15, 2) whenever d is a power of 2. The 
case k ~ {9, 12, 14, 18, 20, 24] and IRI ~< k - 3 is excluded by the algorithm of [6, 
Section 9]. 
Thus it remains to prove for the proof of Theorem 1 that (1) with odd d > 1, 
co(d) = 1, IRI/> k - 2 and k = 9, 12, 14, 18, 20, 24 does not hold. It is convenient to
prove the following slightly more general version of the above result. 
Theorem 1'. Assume that k ~ {9, 12, 14, 18, 20, 24}. Let b ~ 1, d with Idl > 1, 
n ~ 1 and y >~ 1 be integers such that b is square free, d is odd with co(d) = l, 
gcd(n, d) = 1 and n + (k - 1)d > 0. I f  l RI >1 k - 2, then (1) with 0 < io < k - 1 does 
not hold. 
We observe that (2) continues to hold under the assumptions of Theorem 1' and 
R, R', S' are defined as above. The proof of Theorem 1' depends on the theory of 
linear forms in logarithms via the following result from [4, Theorem 1 with k = 4] 
and [4, Theorem 2 with k = 7]. 
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Lemma 1. The equation 
n(n + d) . . . (n + (k - 1)d) = by 2 
in positive integers n, d with d > 1, b, y with k ~ {4, 7}, P(b) ~ k and w(d) = 1 is 
possible only when n = 75, d = 23, k = 4, b = 6, y = 4620. 
2. LEMMAS FOR THE PROOF OF THEOREM 1 ~ 
We shal l  a lways assume in this  sect ion that  the assumpt ions  o f  Theorem 1' are 
satisf ied and  (1) w i th  0 < i0 < k - 1 and  JRI/> k - 2 is val id. Fur ther  we suppose 
that  for k # 9, the pr ime k - 1 d iv ides at most  one ai, otherwise  the theorem can be  
appl ied to the product  w i th  the te rms n and n + (k - l )d  omi t ted  and  P(b) < k - 2. 
We beg in  by int roduc ing the fo l lowing po lynomia ls :  
f l  (X) = X 6 + 28X 5 + 278X 4 + 1268X 3 + 3051X 2 + 3780X + 1890, 
f2 (X)  = X 6 + 8X 5 + 20X 4 -- 56X 3 -- 324X 2 - 864X - 864, 
f3 (X)  = X 6 + 12X 5 + 48X 4 - 8X  3 - 612X 2 - 2160X - 2160, 
f4 (X)  = X 6 -k 20X 5 q- 158X 4 Jr- 684X 3 + 1755X 2 q- 2700X + 2250, 
f5 (X)  = X 6 + 32X 5 + 404X 4 + 2628X 3 + 9585X 2 + 18900X + 15750, 
f6 (X)  = X 6 - 2X 5 - 43X 4 - 180X 3 + 315X 2 + 2646X + 3087, 
f7 (X)  = X 6 - 10X 5 - 7X  4 q- 88X 3 + 306X 2 + 432X + 216, 
f s (X)  = X 6 + 28X 5 + 320X 4 + 1976X 3 + 7164X 2 + 15120X + 15120, 
f9 (X)  = X 6 + 24X 5 + 228X 4 + l160X 3 + 3420X 2 + 6048X + 6048, 
f ro(X) = X 6 + 10X 5 ÷ 33X 4 - 24X 3 - 430X 2 - 1200X-  1000, 
f l~(X)  = X 6 - 2X 5 - 21X 4 - 48X 3 + 140X 2 + 600X + 500, 
f l2 (X)  ~- X 6 q- 44X 5 + 762X 4 + 6816X 3 + 34328X 2 + 94080X + 109760, 
f l3 (X)  = f l (3X) ,  /14(X)  =/2(6X) ,  /15(X)  = f3 (6X) ,  
fa6(X)  = f4 (5X) ,  f~7(X) = fs (5X) ,  f~8(X) = f6 (7X) ,  
f l9 (X)  = f7 (3X) ,  fao(X) = Js (6X) ,  f21(X)  = f9 (6X) ,  
f z2(X)  = f lo (5X) ,  f z3(X)  =/ l l (5X) ,  f z4(X)  = f12(7X) ,  
fz5(X)  = f2 (3X) ,  f z6(X)  = f3 (3X) ,  f27(X)  -- fa (3X) ,  
f28(X)  ---= f9(3X) .  
We apply the method o f  Runge to obta in  the fo l lowing result: 
Lemma 2. Let 1 <~ i <~ 28 and X be a positive integer. Assume that f i  (X) is a 
square o f  a positive integer Then 
203 l f i  =6 ,  18, 
X~< 182 / f i=12,24 ,  
162 otherwise. 
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Proof. We give a proof for i = 1. The proofs for other cases are similar. Suppose 
f l  (X) = y2 where Y1 is a positive integer. We observe that 
(X 3 + 14X 2 + 41X + 60) 2 > y2. 
Further 
y2_  (X 3 + 14X 2 +41X +59) 2 = 2X 3 - 282X 2 -  1058X-  1591 > 0 
for X ~> 145. Thus 
X 3 --[- 14X 2 + 41X + 59 < I"1 < X 3 q- 14X 2 + 41X + 60 
for X/> 145. This is not possible since YI is an integer. Hence X ~< 144. [] 
The following lemma uses the method of Baker and Davenport [1] for solving 
simultaneous Pell's equations. 
Lemma 3. Let ~ ~ {-1, 1}. Then the simultaneous Pell's equations: 
X 2 +8=3Y 2, (X+36)  2+5 =6Z 2 
have no solution in positive integers X, Y, Z other than X = 2, Y = 2, Z = 1 with 
3=-1 .  
Proofi We follow Baker and Davenport [1] for the proof. By factorising the above 
equation, it is enough to solve the following exponential equations in non-negative 
integers m and n: 
(-2 + 2vI5) (2 + ~¢/~)m q_(--2-- 2"v/-3) (2 -- "V/-5) m 
-- (1 "k- ~/6)  (5 "k- 2"v/6) n -- (1 -- "V/6) (5 -- 2q/-6) n = - -68 ,  
(-2 + 2~/3) (2 + q-g)m 4- ( -2 -  2vc5) (2 - V'-5) m 
- ( -1  + 4 '6)  (5 + 2~)  n - ( -1  - ~/-6) (5 - 2"v/-6) n = -63 .  
We check that m > n. By Baker-Davenport lemma [1] we derive that m < 1027. 
Next we apply Baker-Wiistholz [2] estimate with M = 1027 and K = 1013 to 
conclude that m < 92. By a computer search we find that the only solution is the 
one appearing in the statement of the lemma. [] 
In the proof of the next result and also the proofs ofLemmas 7 and 8, we partition 
the set {1, 2, 3, 6} in two subsets {1, 6} and {2, 3}, {1, 2} and {3, 6}, {1, 3} and {2, 6} 
such that the values of Legendre symbol mod 5, 7 and 11, respectively, is 1 on one 
subset and - 1 on the other. 
Lemma4.  k~9.  
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Proof. Let k --- 9. The case i0 = 1 is excluded by applying Lemma 1 with k = 7 to 
(n + 2d) . - .  (n + 8d). Therefore we assume that i0 7 ~ 1. Similarly we suppose that 
i0 ~ 7. We observe that each of  the primes 7 and 5 divide at most two distinct ai's 
in R. First we consider the case when the number of  distinct ai's in R divisible 
by 7 and 5 is four. Then each of  7 and 5 divides exactly two distinct ai's in R. 
Thus 7 divides ao, a7 or al, as. For the latter case, we consider the mirror image 
of  (1) and therefore, it suffices to consider the former case. Let 7 divide ao, a7. 
Then 5 divides al, a6 or a3, as. Let 5 divide al, a6 and the case 5 dividing a3, a8 is 
similar. We partition the set R ~ into two classes { 1, 2} and {3, 6} of  quadratic residues 
and quadratic non-residues mod 7, respectively. These two classes are contained in 
{a2, a4, as} and {a3, a5}. Therefore 
a2, a8 6 {3, 6}; a3, as 6 {1, 2}, 
By considering modulo 5, we have 
a2, a5 E {1,6}; a3, a8 ~ {2, 3} 
i0=4.  
or  
a3, as c {1, 6}; a2, as 6 {2, 3}. 
Comparing, we get a2 -- 6, a3 = 2 or as = 2, as -- 6 both of  which are not possible 
as gcd(n, d) = 1. 
Thus the number of  distinct ai's divisible by 7 and 5 is at most three. In fact, it is 
precisely three since [RI ~> 7 and I R'I ~< 4. Thus we need to consider the following 
possibilities: 
(a) 7 divides two distinct ai 'S. 
(b) 5 divides two distinct ai 's. 
First we assume (a). As above it suffices to consider the case 7 dividing a0, a7. I f  
5 divides al, a6 then al = a6 which is not possible by mod 7. The case 5 dividing 
a3, a8 is excluded similarly. Thus 5 divides a0, a5 or 5 divides a2, a7 or 5 divides 
exactly one ai. Therefore I R~I = 4 and I S'I = 5. 
Denote by T1 the set consisting of  aio and the elements of  R divisible by 5. We 
observe that the two classes of  quadratic residues and quadratic non-residues mod 7 
are contained in S := {al, a2, a4, a8} and {a3, as, a6}. Therefore ither 
al ,  a4 C {3, 6}; a2, a8 6 T1 
or  
a2, a8 ~ {3, 6}; al, a4 ~ TI 
or  
a3, a6 c {3, 6}; a5 c T1. 
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We observe that a3, as, a6 E R' in both the first two cases. In the first case 
a3, a4, a5, a6 are in R'. Thus we can apply Lemma 1 to exclude this case. In the 
second case, considering Legendre symbol modulo 3, we get a3 = a6 = 1 and 
a5 = 2. But a5 can not be even as one of  a2, a8 is 6. 
Finally we turn to the third case. Here S A R' = { 1, 2} and S has only one element 
from T1. Therefore either 1 or 2 occurs twice in S. Now we again see from mod 3 
that either al  = an = 1 or a2 = a8 = 2 or a2 = a8 = 1. Then we observe by mod 5 
that 5 divides as. Let al  = a4 = 1. Then we observe that a8 ~ T1 since io < k - 1. 
Thus we need to consider only the case 
(4) a l=a4=l ,  a3=3,  a6=6,  a8=2.  
Let a2 = a8 = 2. Then al ---- 1 since io # 1. Therefore we need to consider only the 
case 
(5) a l= l ,  a2=a8=2,  a3=3,  a6=6.  
Similarly the possibi l i ty a2 = a8 = 1 gives 
(6) aa=2,  a2=a8=l ,  a3=6,  a6=3.  
First we exclude the possibi l ity (4). We observe that a5 = 5 and a7 --- 7. Therefore, 
i f  d is divisible by a prime p, we see that the values of  Legendre symbol mod p at 
2, 3, 5 and 7 are equal to 1. This implies that p = 311 or p >~ 479. Suppose that 
the first possibi l ity holds. This is excluded as in [6] by Runge's method (see [6, 
Lemma 10]) and we give a sketch of  the proof. Let d > 0. We have 3d = x 2 - x 2, 
which implies d = 2xl + 3 or d = (2Xl + 1)/3, since d is a power of  an odd prime. 
Using the fact that (n + 3d)(n + 6d)(n + 8d) is a square and n = x 2 - d we find 
that f l (Xl)  or f13(x1) is a square. Using Lemma 2 we conclude that xl <~ 162. 
Hence d = 2Xl + 3 ~< 327. Therefore d = p = 311. This gives Xl = 154, n = 23405. 
Hence n + 3d = 24338 which is not divisible by 3. This is a contradiction as a3 = 3. 
The proof  for the case d < 0 is done similarly using Lemma 2 with i = 7, 19. The 
possibi l i ty (6) is excluded similarly by using Lemma 2 with i = 2, 14, 25 for d > 0 
and i = 8, 20, 27 for d < 0. 
Next we consider (5). We assume that d > 0 and the proof  for the case d < 0 is 
similar. In this case, we have 3d = x82 - x 2. This implies as above d = 2x2 + 3 or 
d = (2x2 + 1)/3. Now using n + 3d = 3x 2 and n + 6d = 6x 2, we find 
X 2 -~- 8 = 3Y 2, (X - 3) 2 + 5 = 6Z 2 
with X = 2x2 + 4, Y = 2x6, Z -- x3 or X = 6x2 + 4, Y = 6x6, Z = 3x3 according to 
the choice of  d. By Lemma 3 for 3 = -1 ,  we get X = 2, Y = 2, Z = 1, which is not 
possible as X ~> 2x2 + 4/> 4. 
Now we consider the case (b). Here 5 divides a0, as; al ,  a6, a2, a7 or a3, a8. For 
the last two cases, we consider the mirror image o f  (1). Therefore we may assume 
that 5 divides ao, a5 or 5 divides al ,  a6. We shall exclude the former possibi l ity and 
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the proof for the latter is similar. We assume that 5 divides a0, as. Denote by T2 the 
set consisting of  aio and the elements of  R divisible by 7. We observe that the two 
classes of  quadratic residues and non-residues modulo 5 are contained in 
(7) {al,a4, a6} and {a2, a3, a7,a8}. 
As I Stl = 5, one of  the elements of  R I has to appear twice. We observe that 3 or 6 can 
not appear twice. We assume that 2 appears twice. Then a4 = a6 = 2 or a3 = a7 = 2 
or a2 = as = 2. I f  the first possibi l i ty holds, then al = 3 implying that 6 divides 
n + 4d and therefore 6 does not belong to the second set in (7), a contradiction. The 
second possibi l ity implies that either a2 = 3 or a8 = 3 and this is not possible by 
mod 3. Hence a2 -=- a8 = 2. I f7  divides a l ,  we see that a4, a6 E {l, 6} and this is not 
possible by mod 7. Thus al = 1 since i0 ¢ 1 and al ¢ 6. Therefore either (5) or 
al = 1, a2 =a8 = 2, a4 = 6, a7 = 3 
holds. The first one is already excluded by Lemma 3 and the second one is excluded 
similarly by Lemma 3. 
Next we suppose that 1 appears twice. Let 7 divides a l ,  then (a4/7) -- (a6/7), 
hence (a4, a6) E {(1,2), (2, 1), (3, 6), (6, 3)}. This is not possible since we observe 
from 5 dividing a0 that (a4/5) = (a6/5).  Let al  = 2. Then either (6) holds or 
(8) a l=2,  a2=a8=l ,  a4=3,  a7=6.  
As already pointed out, we argue as for (4) to exclude (6). Let al = 3, then 6 
belongs to the second set in (7). Therefore a 7 = 6. Thus a4 7+ 2 and a6 7+ 2. This 
is a contradiction. Let al  ---- 6. Then a4 = a6 = 1, a7 = 3, a3 = 2. So both n + 4d and 
n + 6d are odd squares, hence 1 rood 8. This implies d is even, a contradiction. 
The possibil ity (8) is excluded using Lemma 2 with i = 3, 15, 26 for d > 0 and 
i = 9, 21,28 for d < 0. Therefore al =- 1 since i0 7 + 1. Now we have 
a l=a4=l ,  a2=2,  a3=3,  a6 = 6 
or 
a l=a4=l ,  a3=3,  a6=6,  a8=2 
or 
a l=a6=l ,  a2=2,  a4----6, a7=3 
or 
al =a6=l ,  a4=6,  a7=3,  a8~2.  
The first possibil ity is excluded by Lemma 1 with k = 4. The remaining three cases 
are excluded by Lemma 2 as above with i = 1, 13; 4, 16 and 5, 17, respectively, for 
d>Oandwi th i=7,19 ;  lO, 22and l l ,23, respectively, ford <O. [] 
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We do not require the assumption IRI ~ k - 2 in the next lemma. For a prime p, 
there are at most [(k - 1)/p] + 1 numbers ai divisible by p. The next result sharpens 
this estimate when k = 18, 20, 24 and p = 5. 
Lemma 5. Let k c {18, 20, 24}. There are at most [(k - 1)/5] integers i with ai E R 
and P (ai) = 5. 
Proof. We denote by A the set of all terms on the left-hand side of (1) divisible by 
5. We observe that 
We write B for the set of all terms n ÷ id on the left-hand side of (1) such that 
P(ai) = 5. We observe that B is a subset of A and we may suppose that 
otherwise the assertion of the lemma is valid. Hence B = A with [(k - 1)/5] + 1/> 4 
elements. Further n + iod is not divisible by 5. Now we take 4 consecutive t rms 
N, N + 5d, N + 10d, N ÷ 15d in A. Let M = N/5  and we write A for M(M + 
d)(M + 2d)(M + 3d). Since A = B, we see that 
A = b lY  2 
where bl > 0 is a square free integer such that P(bl)  <~ 3 and Y1 > 0 is an integer. 
This is not possible by Lemma 1 with k = 4. [] 
Next we apply Lemma 5 to exclude k = 18, 20 and 24. 
Lemma 6. k ~ {18, 20, 24}. 
Proof. Let k = 18. Then, by our assumption that k - 1 divides at most one ai, 
there is at most one ai divisible by 17. Further 13, 11 and 7 divide at most 2, 2 and 3 
numbers ai. Therefore, since I RI/> 16, the number of distinct ai with P (ai) ~< 5 is at 
least 8. Now we apply Lemma 5 to conclude that I Rrl/> 5 which is a contradiction. 
The proofs for k = 20, 24 are similar. [] 
Lemma 7. k # 12. 
Proof. Let k = 12. By our assumption that 11 divides at most one ai and IRI/> k - 
2, we derive that [Rr[ = 4 and there are exactly one ai dividing 11, two ai dividing 
7 and three ai dividing 5. Further none of these ai is divisible by more than one 
prime 11, 7 and 5. Thus 5 divides ao, as, al0 or al, a6, all. If 5 divides al, a6, all, 
we consider the mirror image of (1). Therefore there is no loss of generality in 
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assuming that 5 divides ao, as, alo. Then 7 divides al, a8 or a2, a9 or a4, a11. Let 
ai, ° E R such that 11 divides ai~. Then we derive from Lemma 1 with k = 7 that 
(9) max(io, i~) ) 5, min(io, i~) ~< 6, Iio - i~l ~< 7. 
We put T3 = {ai 0 , ai~ }. 
Let 7 divide al ,a8.  We partition R' tA T3 = {a2, a3, a4, a6, a7, a9, al l} into two 
classes {a2, a3, a9} and {a4, a6, a7, all} such that the value of  Legendre symbol mod 
7 on one class is 1 and - 1 on the other. We derive that either 
(a) a3, a9 c {3, 6}, a2 E T3 and one of  a4, a6, a7, all  is in T3 
or 
(b) a4, a7 E {3, 6} and a6, all 6 T3. 
Assume (a). We observe  f rom (4) that  a4, a l l  ~ T3. Let  a7 E T3. Then  a4, a6, a l l  E 
{1, 2}. Since the value of  the Legendre symbol mod 5 at a4, a6, all is the same, we 
see that a4 = a6 = a l l  = 1 contradicting IRI /> k - 2. Therefore a6 C T3. Thus  
(10) a3, a9 E {3, 6} and a4, a7, a l l  E {1,2}. 
Next we partition a3, a4, a7, a9, all into two classes of  quadratic residues and 
quadratic non-residues mod 5. We obtain 
(11) a3, a7 c {1,6}, a4, a9, a l lE{2 ,3}  
or 
(12) a3, a7 E {2, 3}, a4, a9, all 6 {1, 6}. 
By combining (10)-(12), we see that either a3 = 6, a4 = 2 or a3 = 3, a4 = 1, a7 = 2, 
a9 = 6 which is not possible. The latter possibility is excluded by considering 
mod 3. Thus we may assume (b). Then 
a4, a7 E {3, 6}, a2, a3, a9 C {1,2}. 
Considering mod 3, we observe that a3 = a9. This is not possible since the values 
of  Legendre symbol mod 5 at a3 and a9 are different. Hence 7 l alas. Similarly 
7 J a4al l  and 7 I a2a9 unless al = 6, a3 = 2, a4 =- 1, a7 =- 3, a l l  = 1. We observe 
that 11 does not divide a8 otherwise the values of  the Legendre symbol mod 11 at 
al and a3 are unequal. Thus 11 divides a6. Further we observe that a6 -- 11, a2 = 7 
and a0 = 5. Therefore, if d > 0 is a power of  a prime p, we observe that the values 
of  the Legendre symbol mod p at 2, 3, 5, 7 and 11 are equal to 1. This implies 
that d ~> p >~ 479. We have 7d = x2~ - x42, hence d = 2x4 + 7 or d = (2x4 + 1)/7. 
Hence x4 ~> (d - 7)/2 ~> 236. Now we use Lemma 2 with i = 6, 18 to conclude that 
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X4 ~ 203. This is a contradiction. For d < 0, we set d = -d l  with d l> 0, a power of  
a prime q. We have 7d = x42 - x121 , hence d = 2Xll + 7 or d = (2Xll + 1)/7. Using 
Lemma 2 with i = 12, 24, we get Xll ~< 182. Using Legendre symbols as above we 
have dl/> q/> 479. Hence Xll/> (dl - 7)/2 ~> 236, a contradiction. [] 
Lemma 8. k ~ 14. 
Proof. Let k = 14. As in the proof of  Lemma 5, we derive from the assumptions 
that 13 divides at most one ai and IRI ~> 12 that IR'I =4  and 13, 11,7,5 divide 
exactly 1, 2, 2, 3, respectively, elements ai. Further none of these a~s is divisible by 
more than one of  the primes 13, 11, 7, 5. Let T4 be the subset of  R consisting ofa i  0 
and the one divisible by 13. 
We see that 11 divides ao, all or al, a12 or a2, a13. By considering the mirror 
image of (1) when 11 divides a2 and a13, we may suppose that either 11 divides 
ao, all or al, a12. We give a proof when 11 divides ao, all  and the proof for the case 
11 dividing al, a12 is similar. Now we see that 5 divides a2, a7, a12 or a3, a8, a13. 
Assume that 5 divides a2, a7, a12. Then 7 divides al, a8 or a3, alo or a6, a13. 
Let 7 divide al, a8. Then we partition the set R t U T4 = {a3, a4, a5, a6, a9, alo, a13} 
into classes {a3, a5, a9, alo} and {a4, a6, a13} such that value of  Legendre symbol 
mod 7 on one class is 1 and -1  on the other class. Then we derive that either 
a3, a9 E {3, 6}, a5, alo c T4 or a4, a13 c {3, 6}, a6 E T4, one of  a3, as, a9, alo is in 
T4 and the others in {1, 2}. The first possibility is excluded as the value of  the 
Legendre symbol mod 11 at a3 and a9 is the same. Now we suppose the second 
possibility. By considering Legendre symbol mod 11, the two classes are {alo, a13} 
and {a3,a4, a5, a9}. As both alo and a13 can not be even, we see that one of  
a3, a4, as, a9 is in T4 and the others in {2, 6}. Thus one of a3, a5, a9 is in T4 which 
is not possible since the remaining 3 ai's from the set {a3, a4, a5, a9} are either 2 
or 6 i.e. all even. Thus 7 I ala8. Let 7 divide a3, alo. In this case we partition the 
set R I U T4 into subsets {al, a6, a8, a9, a13} and {a4, a5} of  quadratic residues and 
quadratic non-residues mod 7. At most two of  the ai's from the first set can be in T4 
and others can not all be divisible by 3. Hence this case is not possible as one of  the 
subsets hould be contained in {3, 6}. 
Let 7 divide a6, a13. By mod 7, we see that al, al0 E {3, 6} and a3, a8 ~ T4. 
Further, by mod 11, we observe that either a8, alo E {1, 3} or a8, alo E {2, 6}. This 
contradicts that a8 6 T4. 
Thus we may suppose that 5 divides a3,a8, a13. Then 7 divides a2, a9 or 
as, a12. The case 7 dividing a2, a9 is excluded as above. Let 7 divide as, a12. 
We use also Legendre symbol mod 5 in this case. We partition R I U T4 into 
two classes {al, a4, alo} and {a2, a6, a7, a9} of quadratic residues and quadratic 
non-residues mod 7. We observe that for any pair from {al, a4, alo}, either the 
values of  Legendre symbol mod 5 are equal or the values of  Legendre symbol 
mod 11 are equal. Therefore {al,a4, alo} contains neither {1, 2} nor {3,6}. This 
is a contradiction. [] 
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By Lemma 4, we may assume that k # 9. Let k = 12. Suppose that a0 and all are 
divisible by 11. Then, by writing M = n + d, we have 
M(M + d).. .  (M + (io - 2)d)(M + iod)... (M + 9d) = bly 2 
where P(bl) < 10 and yl > 0 is an integer. Ifi0 = 1 or 10, then the assertion follows 
from [4, Theorem 1] and otherwise from Lemma 4. Hence we may suppose that 
11 divides at most one ai. Thus the assumptions of  Section 2 are satisfied and we 
conclude that k # 12 by Lemma 7. Now we proceed inductively to conclude the 
proof of  Theorem 1' by using Lemmas 6 and 8. [] 
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